Oldroyd-B fluid in a channel bounded by two infinite rigid non-conducting parallel plates in presence of an external magnetic field acting in a direction normal to the plates has been discussed in this paper. The flow is supposed to generate impulsively from rest due to rectified sine pulses applied periodically on the upper plate with the lower plate held fixed. There is no external electric field imposed on the system and the magnetic Reynolds number is very small. Exact Mathematical subject classification: 76A10.
Introduction
It is well-known that the fluid flow generated by pulsatile motion of the boundary has important applications in aerodynamics, nuclear technology, astrophysics, geophysics, atmospheric science and cosmical gas dynamics. The investigation using the methods of Fourier analysis and Laplace transforms separately. The results for the skin-friction on the walls are also obtained in both the cases. It is shown that both the methods give the same exact solution of the problem. The effects of the magnetic field and the elasticity on the developing and the retarding flows and also on the skin-friction at the plates are discussed quantitatively. It is observed that the viscoelastic flows grow and decay less faster than the ordinary viscous fluids. The magnetic field has a damping effect on such flows. Both the elastic and magnetic effects reduce with the increase of time period of oscillations of the plate irrespective of the nature of the flow so that a classical hydrodynamic situation arises when the frequency of oscillations is very small.
Basic equations
The constitutive equations for an Oldroyd-B fluid [7] [8] [9] are T = − pI + S (2.1)
where T = Cauchy stress tensor, p = fluid pressure, I = identity tensor, S = extra stress tensor, μ, λ 1 , λ 2 = viscosity coefficient, relaxation time, retardation time (assumed constants). The tensor A 1 is defined as
In a cartesian system,
D Dt
(upper convected time derivative) operating on any tensor B 1 is
It is to be mentioned here that this model includes the viscous fluid as a particular case for λ 1 = λ 2 , the Maxwell fluid when λ 2 = 0 and an Oldroyd-B fluid when 0 < λ 2 < λ 1 < 1. The stress equations of motion for an incompressible electrically conducting Oldroyd-B fluid in presence of an external magnetic fluid are where V = (u, v, w) = fluid velocity, ρ = fluid density, J = current density, B = magnetic flux density, E = electric field, μ 0 = magnetic permeability (assumed constant), σ = electrical conductivity (assumed finite).
Formulation of the problem
In this problem, we consider the motion of an incompressible electrically conducting Oldroyd-B fluid between two infinite rigid non-conducting parallel plates separated by a distance h. The x-axis is taken in the direction of flow with origin at the lower plate and y-axis perpendicular to the plates. The initial motion is generated in the fluid due to rectified sine pulses applied on the upper plate. The lower plate is held fixed. A uniform magnetic field of strength B 0 is acting parallel to y-axis. We assume that no external electric field is acting on the fluid and the magnetic Reynolds number is very small. This implies that the current is mainly due to induced electric field and the applied magnetic field remains essentially unaltered by the electric current flowing in the fluid. We also assume that the induced magnetic field produced by the motion of the fluid is negligible compared to the applied magnetic field so that the Lorentz force term in (2.6) becomes −σ B 2 0 V. Since the motion is a plain one and the plates are infinitely long, we assume that all the physical variables are independent of x and z. Then from the equation of continuity (2.5) and from the physical condition of the problem, we take V = u(y, t), 0, 0 and S = S(y, t).
(3.1ab)
The equations of motion in (2.6) then reduces to
3)
It follows from (2.2) and (3.1ab) that
The equation (3.7) gives
where A(y) is an arbitrary function of y. But S yy is known to be zero for t < 0. This implies that A(y) must be zero. Hence S yy is zero always. Consequently, from (3.2) and (3.6) and in absence of pressure gradient along x direction, we get
which on introducing the dimensionless quantities given by
and on dropping the bars, we get
The problem now reduces to solving (3.10) subject to boundary and initial conditions:
where f (t) representing the rectified sine pulses, as shown in Figure 1 , is an even periodic function with period 2T. 
Solution of the problem

I. Method of Fourier analysis
According to the nature of f (t) mentioned above, the mathematical form of u(d, t) may be written as
where
Using half-range Fourier series, the condition (4.1) can also be expressed in the form
By virtue of (4.2) we assume the solution of (3.10) as
where u is the conjugate of u. The first two terms in (4.3) are chosen so as to satisfy (4.2) while the last term accommodates the initial condition. Substituting (4.3) in (3.10) and then using (4.2), we have the following equations with appropriate conditions as 
with W n = W n (0), W n = W n (0) at t = 0 where W n (0) and W n (0) are to be determined. In the above,
The solutions of equations (4.4)-(4.6) are
The initial conditions in (3.12) provide
where Re and Im stand respectively for the real and the imaginary parts of the above expressions. 
which in the limit t −→ ∞ provides the steady velocity field
where the harmonic part contains the effect of elasticity in presence of pulsation.
On the other hand, the solution corresponding to classical viscous fluid can be obtained from (4.13) in the limit k −→ 1. This solution is given by
where L * m = M 2 + iβ m . The result (4.15) is identical to that of Bestman and Njoku [3] . In particular, when T −→ 0 the result (4.13) reduces to
which describes the hydromagnetic channel flow of an Oldroyd-B fluid generated by impulsive motion of the upper plate with a constant velocity. The result (4.16) in dimensional form, in the limit M −→ 0, coincides exactly with that of authors [7] while the result (4.15) in the limit T −→ 0 agrees completely with that of Soundalgekar [11] . The skin-friction on the plates y = 0 and y = d are given by
(4.17)
(4.18)
Above results in the limit k −→ 1 (viscous fluid) reduces to
and 
II. Method of Laplace transforms
The problem, when solved by the method of Laplace transform technique, reduces to solving the transformed equation
subject to the conditions
The transformed solution for the fluid velocity u(y, s) becomes
The inversion of (4.25) gives
The integrand has a pole at s = 0, a series of simple poles at s = ± i β m , m = 0, 1, 2, . . ., and simple poles at s 1 , s 2 which are roots of sinh Ld = 0. Following Carslaw and Jaeger [12] , the expression for the fluid velocity u(y, t) takes the form where
The result (4.27), in the limit k −→ 1, is in excellent agreement with those of author [2] and authors [4] . The corresponding expressions for skin-friction on the plates are
where The result (4.13) obtained by the method of Fourier analysis when compared with (4.27) obtained by the method of Laplace transforms reveals that the two results are exactly identical in respect of their steady and harmonic parts but the transient parts of them are of different forms. In order to show that these two results for the fluid velocity represent the same exact solution of the problem we incorporate the analysis given in the appendix.
Numerical results
The nature of the pulses applied on the upper plate, as shown in Figure 1 , produces the developing (increasing) and the retarding (decreasing) flows during the first and the next half of each pulse respectively. Accordingly, the effect of the elasticity (k) on the fluid velocity given by the equation (Table 1) and decreases with the increase of k when the flow is retarding (Table 2) . It is to be noted here that the fluid will be highly viscoelastic for smaller and smaller values of k. The results corresponding to the value of k = 1 describe the Newtonian flow which is free from elastic effect. Consequently, it appears from Figures 2(a,b,c) that the viscoelastic fluids neither grow nor decay as quickly as Newtonian viscous fluids due to the restraining effect played by the elasticity of the fluid. Moreover, in the retarding motion, increasing effect of the elastic parameter k prevails on the flow for some time until the diminishing effect of k becomes dominant to nullify it completely (see Figure 2 (a) at t = 0.375, Table 2 ). This is expected. The Tables 3  and 4 . It is noticed that the amplitude of skin-friction increases with the magnetic field at the upper plate and diminishes with the same at the lower plate. Additionally, the effect of the elasticity (k) on the skin-friction decreases with the increase of the magnetic field at the lower plate while a reverse effect is found at the upper plate. In general, for fixed values of M and T the amplitude of skin-friction at the lower plate increases with elastic parameter (k) when the flow is developing and decreases with the same when the flow is retarding. A similar effect is also observed on the upper plate. Finally, the skin-friction on the plates corresponding to hydrodynamic situation are represented by the curves M = 0, k = 1 in Figures 6(a,b,c) and 7(a,b,c ). It appears from these figures that the amplitude of skin-friction at the lower plate due to viscoelastic fluids remains always less than its classical value while at the upper plate no such definite conclusion can be made.
Conclusion
An initial-boundary value problem is solved for the motion of an incompressible, electrically conducting, viscoelastic Oldroyd-B fluid confined in a channel bounded by two infinite rigid non-conducting parallel plates in presence of an external magnetic field when the flow is generated impulsively from rest due to multiple frequency unidirectional motion of the upper plate with the lower plate held fixed. A similar type of problem in which the upper plate started impulsively from rest with velocity tooth pulses subjected on the upper plate with the lower plate kept stationary has already been solved in [13] . Thus in the above two problems, the boundary conditions responsible for generating the 382 A.K. GHOSH and PINTU SANA 387 unsteady motion differ significantly. As a result, the flow phenomena discussed in [13] is not the same as that of the present analysis. Moreover, the fluid flow, generated by tooth pulses as discussed in [13] , is supposed to have importance in white dwarf asteroseismology [14] and acoustic and acousto-gravity wave pulses caused by sources of seismic origin [15] . On the other hand, the flow produced by rectified sine pulses as considered in the present paper has applications in planetary tides and sunspot cycles [16] , peristaltic transport of a particle-fluid suspension [17] , pulsed microwave plasma etching of polymers [18] , adaptive noise reduction for pulmonary artery blood pressure [19] and Wavelab's elevated frequency resolution to music therapy [20] . Several other applications of tooth pulses and rectified sine pulses in physical problems may also be found in the literature as substantial references. We further observe that the skin-friction on the lower plate appears to have symmetrical peaks for all values of the magnetic field M while the skin-friction on the upper plate contains non-symmetrical peaks particularly at small values of M due to the appearance of negative skin-friction in such a stage. However, with the increase of the strength of the magnetic field the values of the negative skin-friction on the upper plate, developed during its retarding motion, goes on diminishing. This leads to the restoration of symmetrical peaks of skin-friction on the upper plate for large values of M when skin-friction remains always positive (Figures 7(a,b,c) ). This is a consequence of the effect of magnetic field in presence of pulsation.
OLDROYD-B FLUID INDUCED BY RECTIFIED SINE PULSES
Finally, we add that in order to produce a four digit accuracy in Tables 1  to 4 , we have considered first 100 terms of m and n series. For the sake of convenience in numerical calculation two different expansion indexes m and n are considered in Eq.(4.13) and Eq.(4.27). However one can take only one expansion index to represent both the series. 
